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Shear ¯ ow induced deformations of planar cholesteric layers

by GRZEGORZ DERFEL* and DARIUSZ KRZYZÇ ANÂ SKI

Institute of Physics, Technical University of è oÂ dzÂ , ul. WoÂ lczanÂ ska 223,
93-005 è oÂ dzÂ , Poland

(Received 11 July 1996; in ® nal form 11 November 1996; accepted 6 December 1996 )

The shear ¯ ow induced deformation of the planar cholesteric structure is modelled numerically,
taking into account long pitch ¯ ow-aligning material. Three pitch-to-thickness ratios in ® ve
con® gurations are considered. Unwinding of the cholesteric helix due to the ¯ ow alignment
is found. This process has a threshold character, when the mid-plane director is perpendicular
to the plane of shear; otherwise it is continuous. The transverse component of the ¯ ow is
always present. At high stress, the director in the prevailing part of the layer is oriented at
the ¯ ow-aligning angle.

1. Introduction the director orientations, velocity pro® les and apparent
viscosity were studied analytically and numerically asThe coupling between the director and the velocity

gradient gives rise to a viscous torque which deforms functions of pitch and shear rate. The results obtained
in the present work agree qualitatively with Kini’sthe initial structure of liquid crystals. In cholesterics, the

character of the deformation depends on the direction results.
In addition to the unwinding and to the nematic-likeof the helical axis with respect to the velocity vector and

velocity gradient. Brie¯ y, three kinds of phenomena can ¯ ow induced orientation, threshold behaviour of the
deformation is found. It takes place if the midplanebe distinguished. In the case of the helical axis parallel

to the velocity gradient ( for instance in a sheared planar director is normal to the plane of shear. The unwinding
increases rapidly above some critical shear stress.layer), unwinding of the chiral structure has been found

[1, 2]. If the helical axis is parallel to the velocity, the
permeation e� ect, which manifests itself by an enormous

2. Method
e� ective viscosity, takes place [3, 4]. If the helical axis The cholesteric liquid crystal is described by the elastic
is oriented perpendicular both to the velocity vector and constant ratios kt=k22 /k11 , kb=k33 /k11 , the viscosity
to the velocity gradient, unwinding of the chiral structure coe� cient ratios a i /a2 , i=1 ¼ 6, and the pitch-to-
occurs [5], analogously to the ® eld induced cholesteric± thickness ratio P/d. A positive a3 /a2 ratio is assumed,
nematic transition. The details of the deformations which is characteristic for ¯ ow aligning nematics. The
depend on the geometry of the ¯ ow. material is con® ned in a layer of thickness d between

In the present paper, simple shear ¯ ow of a long pitch two plates parallel to the xy plane and positioned at
cholesteric with the helical axis parallel to the velocity z= Ô d/2. The upper plate moves along the y axis under
gradient is modelled numerically. A positive ratio of the the action of a constant shear stress t. The stationary
Leslie viscosity coe� cients a3 /a2 is adopted. Director director distribution in the deformed layer is described
distributions are calculated for several pitch-to-thickness by two angles: the tilt angle, h (z), between the director
ratios and for various shear stresses. The calculations and its projection nx y on the xy plane, and the azimuthal
are performed for an in® nite layer with strong boundary angle, w (z), between nx y and the y axis. The angle w(z) is
anchoring. The deformation is assumed to be one- a measure of the director rotation about the z axis. The
dimensional; thermomechanical coupling is ignored. The angle h(z) stands for the director rotation about another
deformation takes the form of unwinding of the choles- axis which is perpendicular to n and nx y . Boundary
teric helix. High shear stress leads to a ¯ ow induced conditions are determined by the strong anchoring,
uniform director distribution as found usually for the identical at both plates. Surface director orientation is
¯ ow-aligning nematics [6, 7]. The sheared chiral struc- determined by the easy axis versor e, which lies in the
ture gives rise to transverse ¯ ow. xy plane and makes the angle ws with the y axis.

A similar problem was studied by Kini [1, 2], where The stationary state in the sheared layer results from
the equilibrium of the elastic and viscous torques in the
bulk, and the elastic, viscous and surface torques at the*Author for correspondence.
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464 G. Derfel and D. KrzyzÇ anÂ ski

boundaries. The formulae for these torques are derived adopted values h i and w i (corresponding to the unde-
formed layer) are varied sequentially. The new valuesby use of Ericksen± Leslie theory [7]. They are gathered

in the Appendix. are accepted if they give a smaller absolute value | C i |
of the torque per unit volume in the i-th sublayer.In our computer model, the continuous h (z) and w(z)

functions are replaced by the sets of N discrete values This procedure is repeated until the sum of all | C i | de-
creases below some su� ciently low value e due to thehi and w i determined in N equidistant planes positioned

at zi=Õ d/2+ (i Õ 1)d/(N Õ 1), where i=1 ¼ N. The required accuracy. (In our calculations e=10Õ 4 while
N=64, which gives satisfactory approximations of thevalues h i and w i are used for the calculation of the

torques per unit volume, which a� ect the director in the continuous h(z) and w(z) functions.)
sublayers attached to each of the N planes. (There are
N sublayers; the two sublayers that are adjacent to the 3. Results

The parameters of the material correspond to theboundary plates have a thickness equal to d/[2(N Õ 1)],
and all others, which are in the bulk, have the thickness nematic liquid crystal APAPA: kt=0 5́65, kb=1 5́9,

a1 /a2=Õ 0 1́, a3/a2=0 1́49, a4/a2=Õ 0 7́95, a5/a2=d/(N Õ 1).) For each of the inner sublayers, the sum of
the elastic and viscous torques is calculated, while for Õ 1 3́85, a6 /a2=Õ 0 2́34. They are adopted from [8] and

[9]. The left-handed cholesteric structure is assumed tothe boundary sublayer, the third torque due to the
surface anchoring is added. derive from the chiral additive which does not change

the parameters of the pure compound. Three pitch-The equilibrium set of angles hi and w i , which approxi-
mates the real stationary director distribution, is calcu- to-thickness ratios are taken into account: P/d=4/3,

P/d=1 and P/d=2/3. The dimensionless parameterlated in the course of an iteration process. The initially

Figure 2. The smooth unwinding of the cholesteric structureFigure 1. The smooth unwinding of the cholesteric structure
for w (z=0)=0. P=2d/3; (a) the azimuthal angle w (z); for w (z=0)=0. P=d; (a) the azimuthal angle w (z); (b) the

tilt angle h (z); (c) the transverse velocity vx (z). The dimen-(b) the tilt angle h (z); (c) the transverse velocity vx (z). The
dimensionless stress values are indicated. sionless stress values are indicated.
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465Flow alignment in cholesterics

c = Wd/k11 , describing the anchoring strength, is chosen
to be equal to 2 Ö 105 . (The surface anchoring energy
per unit area of the layer W is de® ned by equation
(A11).) The intrinsic pitch of the material matches the
directions of the easy axes on both boundary plates.
Two surface orientations are used: parallel and perpen-
dicular to the shear plane. They give two con® gurations
of the helical structures for each P/d ratio with the
exception of P/d=4/3. In the latter case, the easy axis is
parallel to the plane of shear at z=Õ d/2, whereas it is
perpendicular at z=d/2. As a result of this, ® ve di� erent
situations arise. In each of them, the director distribu-
tions given by the angles w(z) and h(z), the transverse
shear stress s, the apparent viscosity g, and the longitud-
inal and the transverse velocity pro® les vy (z) and vx (z)
are determined as functions of the external shear stress
t. The results are presented in dimensionless form,
achieved by means of a suitable choice of units, namely,
d as the unit for distance, a2 for viscosity, k33 p

2/a2d for
velocity and k33p

2 /d2 for stress. In particular, the dimen-
sionless stress t=td2/p2k33 is used.

Deformations of the cholesteric structure can be inter-
preted as the e� ect of ¯ ow induced alignment. At high
shear stress, the director in a signi® cant part of the layer
thickness is oriented parallel to the shear plane at the
¯ ow aligning angle hc=arctan (a3 /a2 )D. This structure is
formed as a result of unwinding of the cholesteric helix.
The unwinding occurs in di� erent ways depending on
the director orientation in the midplane of the layer and Figure 3. The smooth unwinding of the cholesteric structure
on the pitch value. The twist is concentrated in rather for P=4d/3; (a) the azimuthal angle w(z); (b) the tilt angle
thin regions adjacent to the boundary plates. h(z); (c) the transverse velocity vx (z). The dimensionless

stress values are indicated.The regions, in which the unperturbed director is
parallel to the y axis are the natural sites where the
helical structure starts to unwind. They correspond to of the layer is more interesting. The deformation occurs

in two steps, as exempli ® ed in ® gures 4 (a) and 5 (a). Forthe regions where w= Ô mp, (m=0, 1, 2, ¼ ) , except
where z= Ô d/2. Figures 1 to 5 show that these regions small stress, weak unwinding arises for w=0 and w=p.

The functions w(z) Õ p/2 and h(z) are odd. When theexpand when the stress increases. The unwinding is
associated with enhanced twist in the neighbouring stress exceeds some critical value, the director distribu-

tion changes abruptly, and the symmetry of the directorregions.
In con® gurations where w (z=0)=0, the unwinding pro® les is broken. One of the regions, in which the

unwinding is initialized, expands, while the unwindingstarts wherever w= Ô mp and proceeds smoothly with
increasing stress, see ® gures 1 (a) and 2 (a) . The director in the other regions is damped. At higher stress, a

signi® cant part of the layer is aligned by the ¯ ow, seein the central part of the layer is aligned by the ¯ ow.
For high stress, it lies in the shear plane and makes the ® gures 4 (b) and 5 (b).

The high stress structures of all the ® ve con® gurationsangle hc with the y axis, ® gures 1 (b) and 2 (b). The w(z)
function is odd and the h (z) function is even. For small are shown in ® gure 6, by means of cylinders, which

symbolize the director.stress, h=0 wherever the director is normal to the plane
of shear. The sheared twisted structure give rise to ¯ ow perpen-

dicular to the shear plane. The transverse velocities areIn the case of the longest pitch considered, P=4d/3,
the asymmetry of the director distribution re¯ ects the about two orders of magnitude lower than the longitud-

inal velocities. In con® gurations with w (z=0)=0, theasymmetry of the surface orientation, see ® gures 3 (a)
and 3 (b). The unwinding and ¯ ow alignment develop in pro® les vx (z) are even, ® gures 1 (c) and 2 (c), as results

from equation (A14). If w(z=0)=p/2, then the vx (z) arethe region where w=p.
In con® gurations where w(z=0)=p/2, the behaviour even only for su� ciently low stress. Above the critical
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466 G. Derfel and D. KrzyzÇ anÂ ski

Figure 4. The threshold type unwinding of the cholesteric
Figure 5. The threshold type unwinding of the cholestericstructure for w (z=0)=p/2, P=2d/3; (a) the azimuthal

structure for w (z=0)= p/2, P=d; (a) the azimuthal angleangle w (z); (b) the tilt angle h (z); (c) the transverse velocity
w(z); (b) the tilt angle h (z); (c) the transverse velocity vx (z).vx (z). The dimensionless stress values are indicated.
The dimensionless stress values are indicated.

stress for unwinding, the symmetry is broken, ® gures
4 (c) and 5 (c). A similar lack of symmetry is observed correspond to abrupt unwinding above the threshold

stress.for P=4d/3, ® gure 3 (c).
Figure 7 shows the transverse shear stresses s plotted The longitudinal velocity pro® les are monotonic

functions of z, as exempli ® ed in ® gure 9.as functions of t for the structures presented in ® gures 4
and 5. The threshold behaviour is very pronounced. The
values of s for the asymmetric case of P=4d/3 increase 4. Discussion

The director distributions and velocity pro® les pre-monotonically and achieve a value of about 1 5́ for t=
30. For the structures with w(z=0)=0, the transverse sented here agree qualitatively with the results reported

in [1] and [2]. The threshold character of the deforma-stress vanishes, due to their symmetry.
Deformation of the structure of the layer in¯ uences tion is revealed, which to our knowledge has not been

reported earlier. This e� ect is analogous to ® eld inducedthe apparent viscosity, as illustrated in ® gure 8. The low
stress viscosity coe� cient is the same in all cases; it deformations in liquid crystals. The perpendicularity of

the midplane director to the driving force of the distor-increases as a result of deformation, and tends to the
value corresponding to the nematic aligned at the angle tion is the feature common to both phenomena.

In most cases considered here, the transverse velocityhc . For the material constants adopted here, this limit
value is greater than the initial viscosity of the unde- components have a unique sign in the whole layer; the

transverse ¯ ow has a unique direction. The non-formed layers. For given t, the increase is more pro-
nounced for materials with longer pitch, which are more vanishing net ¯ ow is common in our results and in the

results of [1] and [2]. The calculated director distribu-easily unwound than the more strongly twisted struc-
tures. Small jumps of the e� ective viscosity coe� cient tions correspond therefore to situations in which the
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467Flow alignment in cholesterics

Figure 6. The unwound structure
of the cholesteric layers at
high stresses.

Figure 8. The e� ective viscosity g as a function of the longit-Figure 7. The transverse stress s as a function of the longitud-
inal stress t for the threshold type unwinding of the udinal stress t. 1: P/d=4/3; 2: P/d=1, w (z=0)=0; 3: P/d=

1, w (z=0)=p/2; 4: P/d=2/3, w (z=0)=p/2; 5: P/d=2/3,cholesteric structure. The pitch to thickness ratios are
indicated. w(z=0)=0.

liquid crystal has freedom of movement in the x direc- Appendix
tion. Experimental realization of such ¯ ow may be The director distribution in the stationary state in the
troublesome; however, transverse velocities are about sheared layer results from the equilibrium of the elastic
two orders of magnitude smaller than the longitudinal, and viscous torques in the bulk, and the elastic, viscous
and their in¯ uence on the director distribution is negli- and surface torques at the boundaries.
gible. The transverse e� ects can be ignored and the The elastic torque is
results obtained here can be treated as adequate for

C elastic=n Ö h (A1)experiments in which lateral boundaries prevent the
transverse ¯ ow. where n is the director and h is the molecular ® eld. Its

Summarizing, viscous torque a� ects the intrinsic twist components are given by
of the cholesteric liquid crystal. The unwinding can have
a threshold character, and the unwound structure is hj =

‚ g

‚ nj
Õ

‚

‚ z

‚ g

‚ nj ,z
(A2)

aligned by the ¯ ow, as for a nematic liquid crystal.
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468 Flow alignment in cholesterics

which leads to

s =t
P

d/2

Õ d/2

Q

D
dz

P
d/2

Õ d/2

P

D
dz

(A10)

where D =PR Õ Q2 .
The anchoring free energy per unit area of the layer

is assumed in the Rapini± Papoular form [10]

Fanchoring=Õ (W/2) (n e)2 (A11)

where e is the surface easy axis versor.Figure 9. The longitudinal velocity pro® le vy (z) for P/d=4/3.
The surface torque is expressed byThe dimensionless stress values are indicated.

C anchoring= W (n e) (n Ö e) (A12)
where g is the Frank elastic free energy density and

The director distribution allows calculation of thenj ,z =‚ nj / ‚ z and j=x, y, z.
e� ective viscosity coe� cientThe viscous torque is expressed by the viscous force

f ¾ :
g=

td

P
d/2

Õ d/2

tR Õ sQ

D
dz

(A13)
C =n Ö f ¾ (A3)

The components of f ¾ are

and the velocity componentsf ¾x =a2wnz

f ¾y =a2unz (A4)
vx (z)= P

z

Õ d/2

sP Õ tQ

D
dz (A14)

f ¾z =a3 (uny +wnx )

where u=‚ vy / ‚ z and w=‚ vx / ‚ z. The velocity gradients
u and w are given by the Navier± Stokes equations

vy (z)=P
z

Õ 22

pR Õ sQ

D
dz (A15)

t=uP+wQ

s=uQ+wR (A5)
where
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